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This script is an extract, with gaps, from the book “Introduction to the Mathematical

Treatment of the Natural Sciences I - Analysis” by Christoph Luchsinger and Hans

Heiner Storrer, Birkhäuser Scripts. As a student you should buy the book as well and

work your way through it completely during the course MAT 182. You are allowed

to save this PDF and modify it as you like, for your own use during MAT 182. For

further use outside of MAT 182, please contact the lecturer, Christoph Luchsinger of

the University of Zürich, in advance. The copyright remains with Birkhäuser!

5. TECHNIQUES OF DIFFERENTIATION

(5.2) Rules for the derivative

Function Derivative Name

f(x) + g(x) f ′(x) + g′(x) sum rule

f(x)− g(x) f ′(x)− g′(x) difference rule

cf(x) cf ′(x) constant-factor rule (c ∈ R)

f(x)g(x) f ′(x)g(x) + f(x)g′(x) product rule (“symmetry”)

f(x)

g(x)

f ′(x)g(x)− f(x)g′(x)

g(x)2
quotient rule

(“low (d high) - high (d low)”)

f(g(x)) f ′(g(x)) · g′(x) chain rule (“outer times inner”)
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(5.3) Derivatives of the most important functions

Function Derivative Notes
y = f(x) y′ = f ′(x)

c = const 0

Valid for all n ∈ R, if x > 0.
xn nxn−1 Valid for all n ∈ Z and

arbitrary x (if n < 0 however only
for x 6= 0).

x 1

1

x
− 1

x2
x 6= 0

√
x

1

2
√
x

x > 0

ex ex

ax ax · ln a a > 0

lnx
1

x
x > 0

loga x
1

x · ln a
x > 0, a > 0

sinx cosx

cosx − sinx

tanx 1 + tan2 x =
1

cos2 x
x 6= π

2
+ kπ (k ∈ Z)

cotx −(1 + cot2 x) = − 1

sin2 x
x 6= kπ (k ∈ Z)

arcsinx
1√

1− x2
|x| < 1

arctanx
1

1 + x2

arccosx − 1√
1− x2

|x| < 1

arccotx − 1

1 + x2
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Computations and diagrams:

x

y = ex
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Computations and diagrams - continued:

x

ln(x)

(sin(x))′ =

(cos(x))′ =

x

sin(x), cos(x)
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(5.4) Examples

1. f(x) = x4 + 6x3 + 2.

2. G(t) =
2

t2
+

3
√
t− 3

4
√
t3
, (t > 0).
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3. Φ(z) = z ln z, (z > 0).

4.1 Preparation for 4.2: take the derivative of 1
x using the quotient rule...

4.2 A(α) =
sinα

1 + cosα
.
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(5.5) Details of the chain rule (in German: Kettenregel)

a) Compositions of functions (German: zusammengesetzte Funktionen)

Now we can define generally what we mean by the composition of two functions:

Let f : D(f)→ R and g : D(g)→ R be two functions, and let D(g) be chosen so

that y = g(x) ∈ D(f) for all x ∈ D(g).

Then for every x ∈ D(g) we can form the number

f(g(x)) (or f(y) with y = g(x)) .

The function thus obtained,

h : D(g)→ R, h(x) = f(g(x)) ,

is called the composition (German: Zusammensetzung, Komposition, Verkettung) of

g and f . In symbols:

h = f ◦ g .

We call g the inner function and f the outer function.
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Example 3

The function

h(x) = ex
2

is the composition of y = g(x) = x2 and f(y) = ey:

h(x) = f(g(x)) = ex
2

.

It is defined for all x ∈ R. �

Example 4

The function

k(x) =
√
x2 − 1

is the composition of y = g(x) = x2 − 1 and f(y) =
√
y :

k(x) = f(g(x)) = f(y) =
√
x2 − 1 .

It is defined for all x for which x2 − 1 ≥ 0, i.e. for all x with |x| ≥ 1. �

Example 5

Naturally it is also possible to compose more than two functions. So for instance

p(x) = sin(ln(x2 + 1))

is of the form p(x) = f(g(h(x))) with f(z) = sin z, g(y) = ln y and h(x) = x2 + 1. �

b) Application of the chain rule

This rule tells how to form the derivative of the composite function f ◦ g, i.e. the

function x 7→ f(g(x)). The formula states (cf. (5.2)):

f(g(x))′ = f ′(g(x)) · g′(x)

or in words:

Take the derivative of the function f at the point y = g(x) and multiply this

with the derivative of g at the point x.

f ′(y) = f ′(g(x)) is referred to as the outer, g′(x) as the inner derivative. In short, then,

the rule can be stated as:

outer derivative times inner derivative.

(This presupposes naturally that both f ′(g(x)) and g′(x) exist in the first place. For the precise

formulation, see the proof of this rule in (27.3).)
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Examples 6-10
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Examples 6-10, continued
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Before Examples 11-12, Rules of the logarithm and exponential functions:
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Before Examples 11-12, Rules of the logarithm and exponential functions:

(continued)
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Before Examples 11-12, Rules of the logarithm and exponential functions:

(continued again)
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Example 11
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Example 12

Important:

1. Next, read the corresponding chapter of the book yourself.

2. Solve at least 5 of the end-of-chapter exercises and compare your answers with those

in the back of the book. If needed, solve more than 5.

3. Now you are ready to attend an exercise session. Print the relevant part of the

exercise script in advance, read through the exercises there in advance and start to

think about them yourself (for example, how you might approach solving them).

4. Next, solve the problems on the worksheet. Always try them first yourself. If it

doesn’t work, try with a tip from a fellow student. If it still doesn’t work, look at

another student’s solution, wait 1 hour and try to solve it again from your own head.

If none of that works: follow another student’s solution (but be sure you understand it

- in particular see that you aren’t copying someone else’s mistakes!)

5. Solve the corresponding problems from past exams in the course archive.
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Lessons learnt:

Rules for the derivative, including:

Function Derivative Name

f(x)g(x) f ′(x)g(x) + f(x)g′(x) product rule (“symmetry”)

f(x)

g(x)

f ′(x)g(x)− f(x)g′(x)

g(x)2
quotient rule

(“low (d high) - high (d low)”)

f(g(x)) f ′(g(x)) · g′(x) chain rule (“outer times inner”)

Don’t multiply out denominators! e.g. with the quotient rule, g(x)2 in the denominator

Derivatives of specific functions, including:

Function Derivative Notes
y = f(x) y′ = f ′(x)

Valid for all n ∈ R, if x > 0.
xn nxn−1 Valid for all n ∈ Z and arbitrary x

(if n < 0 however only for x 6= 0).

x 1

1

x
− 1

x2
x 6= 0

√
x

1

2
√
x

x > 0

ex ex

lnx
1

x
x > 0

sinx cosx

cosx − sinx

Apply rules of logarithms before taking the derivative, for example

ln

(
1− x
1 + x

)
= ln(1− x)− ln(1 + x).

instead of the chain rule and quotient rule!


